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The distributions 9;j(r) of Au-Au, Sn-Sn and Au-Sn pairs have been calculated using the three
partial interference functions /;;(K) which were evaluated from the scattered x-ray intensities of
liquid Au-Sn alloys measured by Kaplow, Strong and Averbach. The functions IayaAy(K) and
Ispsn (K) and their corresponding Fourier transforms are similar to those observed in their respec-
tive pure liquids. The functions /Ausn(K) and 0AuSn(r) resemble closely a model structure based
on a solid AuSn alloy with a NiAs-type structure. The electrical resistivities of the alloys obtained
with [;;(K) and the pseudo-potential elements U;(K) show a large increase upon alloying Sn into

Au in agreement with experimental observation.

The three partial interference functions 7;(K)
(also called structure factors) which characterize the
x-ray or neutron scattering of liquid binary ! alloys
have recently been determined for a Cu-45 at. 7
Sn alloy by ENDERBY, NORTH, and EGELSTAFF 2
employing neutron diffraction methods in which the
scattering power of Cu was varied. From the ob-
served /;;(K) they were able to predict the diffrac-
tion pattern of a Cu-Sn alloy of a different concen-
tration which showed reasonable agreement with
previous x-ray data3. Recent measurements in our
laboratory produced very good agreement between
predicted and experimental x-ray intensities for the
liquid Cu-45 at. % Sn alloy *. This result seems to
indicate that, to a good approximation, /;;(K) are
independent of the relative abundance of the ele-
ments in these alloys.

Using the above assumption, HALDER and WAG-
NER ® have successfully calculated 7;;(K) of liquid
Ag-Sn alloys from their x-ray scattering patterns.
The partial functions due to the Ag-Ag pairs and
Sn-Sn pairs closely resembled those of the corres-
ponding pure elements whereas the positions of the
peaks of the partial function due to Ag-Sn pairs lay
in between those of the Ag-Ag and Sn-Sn functions,
which is predicted by the hard sphere model ¢ 7.
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The x-ray scattering patterns of liquid Au-Sn al-
loys have been published recently by KarLow,
STRONG and AVERBACH 8. These authors concluded
that the atomic distributions of the alloys are the
sums of the distributions of AuSn and pure Au for
alloys of less than 50 atomic per cent Sn concentra-
tions and those of AuSn and pure Sn for higher Sn
concentrations.

The neutron experiments would be difficult to
apply to the Au-Sn system. An alternative approach
is to evaluate the partial interference functions
Iyuan(K), Ispsn(K) and Iyus,(K), from the total
interference function /(K) of Au-Sn alloys obtain-
ed from the x-ray data of KarLow et al. 8, assum-
ing that /;;(K) are independent of concentration.
The purpose of this paper is to present (1) the par-
tial atomic distribution functions G;;(r) which re-
present the Fourier transforms of K[/;(K) —1],
i.e., G;j(r) =transf{K[I;;(K) —1]} and the fit

between the experimental, total
G(r) =transf{K[I1(K) —1]}

and those calculated from G;;(r), and (2) the varia-
tion of electrical resistivity g in the alloy with con-
centration calculated with /;;(K) and the Fourier
transforms U; (K) of the pseudopotentials.
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ATOMIC DISTRIBUTIONS OF LIQUID GOLD-TIN ALLOYS

Partial Interference and Atomic Distribution
Function

The total interference function /(K) is defined as
I(K) ={L(K) = [(f*) = (D2}/(/)%

where I,(K) is the elastically scattered radiation
per atom in electron units, (f) and (f)? are the
mean and mean square scattering factors of the
alloy. /(K) can be written 1 % 10 as:

I(K) =wyy Iy (K) 41wy Lo (K) +2 w55 15(K), (1)

where w;;=c;c;fifi/(f)? ¢ and f; being the con-
centration and atomic scattering factor of element Z,
respectively. [;;(K) is related to the atomic distri-
bution function 0;;(r), which is equal to the number
of j-type atoms per unit volume at a distance r from
an i-type atom, i. e.,

I;(K) =1 +0?° 42 gylonfo;—1] (2)
[(sinKr)/(Kr)] dr,

where 0, is the average atomic density and 0; = 0, ¢;.
For the analysis of [;;(K), the total /(K) as
shown in Fig. 1 were calculated from

F(K) =K[I(K) —1]
published by KarLOow, STRONG and AVERBACH 8.

By the least square analysis of five /(K) with dif-
ferent Sn concentrations, the best values of 7,44(K),

Fig. 1. Total interference functions of /(K) of Au-Sn alloys,
evaluated from F (K) =K[I(K—1)] of KarLow, STRONG and
AVERBACH 8.

10 C. N. J. WaGNER and N. C. HALDER, Advan. Phys. 16, 241
[1967].
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Isnsn (K) and 14,5, (K) were obtained (Fig. 2). The
root mean square deviation of each data point of
[;;(K) was less than 0.1 in the region of the first
peak which is probably within the accuracy of the

experimental data, and less than 0.02 beyond K =
35A71L,

K= 4msing/A in A

Fig. 2. Partial interference functions IAuAu(K), ISnsn(K)

and 7aySn (K) (solid curves) . The curve represented by xxx

corresponds to a model /Ausn (K) based on a model structure
proposed by KaArLow, STRONG and AVERBACH 8.

The functions /5ya,(K) and Igug, (K) closely re-
semble those of the pure liquids Au!! and Sn*8,
respectively. s, (K) is similar to 1(K) of the pure
AuSn alloy, but its maximum occurs at K; = 2.94 A™1
which is larger than the positions K; =2.67 A1 of
pure Au and K; =2.78 A1 of the AuSn alloy. In
addition a subsidiary peak occurs below the first
maximum. Such an interference function with the
first peak maximum K; =2.90 A1 can be obtained
from an atomic distribution similar to an ordered
AuSn alloy with NiAs-type structure as shown by
KarLow et al. 8 (see Fig. 2).

The Fourier transform of K[[;(K) —1] yields

directly the partial atomic distribution function
Gij(r) =4 ar[oi;(r) [eij— o) (3)
— 2 [Ki1y(K) ~1] sinK r 4K,

which are shown in Fig. 3. Again Gaua,(r) and
Gsnsn () look similar to those observed in their

11 0. PFANNENSCHMID, Z. Naturforsch. 15 a, 603 [1960].
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corresponding pure liquids. From these patterns,
a Au-Au interatomic distance r;—2.84A and a
Sn-Sn distance r; —3.16 A can be obtained which
are identical to the values observed in the respective
pure liquids * 8 ', whereas G5, (r) yields a Au-Sn
distance r; = 2.88 A which is very close to the value
of r; = 2.86 A found in solid AuSn.
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Fig. 3. Partial atomic functions G;;(r) obtained by Fourier
transform of K[I;;(K—1)].

It is customary to calculate the Fourier transform
of K[1(K) — 1], where I(K) is the total interference
function, which is called the total atomic distribu-
tion function G (r), i. e.

G~ 2 |KU®K) -1]sinKrdk.  (4)

G(r) is related to G;;(r) by the convolution inte-
gral:

G(r) = > H.,‘j(l') % G;j(r) (5)

ij
=3 [Wiw) Gi(u+r) du,
ij

where W;;(r) is the Fourier transform of w;;, which
is a very slowly varying function of K, and to a
good approximation one may assume it to be in-
dependent of K. In the case of binary alloys one
can write:
G(r) =wyg Gy (1) +way Goa (1) +2 w5 Gys(r). (6)

9 C. N. J. WAGNER. N. C. HALDER. and D. M. NOrRTH, Phys.
Letters 25 A, 663 [1967].
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The atomic distribution functions G(r) are shown
in Fig. 4. The solid curves represent the Fourier
transforms of K[/(K) —1] [Eq. (4)] and the dot-
ted curves G(r) as calculated with Eq. (6) from the
values of G;;(r). As can be seen, the agreement is
reasonable.

r (A

Fig. 4. Solid curves represent the total atomic distribution
function G (r) =trans F(K) of Au-Sn alloys. Dotted curves
9

represent G (r) = X w;j Gij(r).
ij=1

Electrical Resistivity of the Alloys

A knowledge of [;;(K) allows us to evaluate the
electrical resistivity op of the liquid alloys. As
shown be FABER and ZIMAN '2, the electrical resis-
tivity og is given by:

o= [*RZ/(@ k) 1| VK)E),  (7)

where
1
V(K)]?) =4 ' V(K)F (K/Z k) ® d (K2 kg)
0
and
V(K= (U2) - (U)? (8)
= S z cic; Ui (K) UJ(K) ]l](K)

i
In the above expressions Z is the effective valence
and kp is the Fermi radius of the alloy. The pseudo-
potential elements U;(K) are dimensionless and
have been normalized so that

L',‘O) = == Z«'C"Z ’

12 T. E. FaBER and J. M. Ziman, Phil. Mag. 11, 153 [1965].
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where Z; is the valence of the element i. Further-
more the potentials are taken to be independent of
alloy concentration and are derived!® from the
Animalu-Heine model pseudopotential elements
UM (K) for the pure elements 1+ 15, shown in Fig. 5,
1. e.,

3% ypH(K), 9)

where (Ey); is the Fermi energy of element i.

[Rydberg]

[SA(N]

Fig. 5. Partial interference functions /;; (K) and pseudopoten-
tial elements U;(K) used in the calculation of the electrical
resistivity op .

00 S (theor.) _

TR T S T N S W R 2
0 50 100
Au at % Sn Sn

Fig. 6. Electrical resistivity op (theoretical) and o (experi-
mental) 1%, and Fermi diameter 2 kr !7 of liquid Au-Sn alloys.

13 N. C. HALDER, D. M. NorTH, and C. J. N. WAGNER, Phys.
Rev., in press.

14 A.0.E.ANmMALU and V. HEINE, Phil. Mag. 12, 1249[1965].

15 A. O. E. ANIMALU, private communication.
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The values of or are shown in Fig. 6 as a function
of atomic concentration of Sn. Also shown are the
Fermi diameters 2 kp used in the calculation of the
electron transport properties, and the experimental
values of op 16 17,

Discussion

The present analysis improves on the basic con-
clusion of KAPLOW, STRONG and AVERBACH 8 that
the atomic distributions in liquid Au-Sn alloys are
the sums of two components, i.e., Au and AuSn
below 50 atomic per cent Sn concentrations and Sn
and AuSn above 50 per cent Sn concentration. It
indicates that a better fit of the measured G (r) can
be obtained when using Eq. (6) with the values of
the three G;;(r) of Fig. 3. Such a model which de-
scribes the atomic distribution G(r) as a weighted
sum of three G;;(r) (Fig. 4) would predict a con-
tinuous variation of the thermodynamic properties
as a function of concentration, in agreement with
recent measurements 8. The above results further
suggest that the AuSn pair distribution in the alloys
can be, at least qualitatively, described by a model
based on an ordered AuSn structure.

The theoretical values of the electrical resistivity
o follow the trend of the experimental values 16 17,
i. e., Nordheim’s rule is reproduced. It should be
pointed out that in the calculation of gr (theoreti-
cal) of the Ag-Sn alloys?®, the pseudopotential ele-
ments for the two components were deduced from
U*%(K) in a different way, i. e.,

UF (K) = (go/0:) UAH(K)
= % Ep[ky/ (kr):] Ui(K),

where 0; and (krp); are the atomic density and Fermi
radius of element i, respectively, and Ey is the Fermi
energy of the alloy. The term } Er appears in Eq.
(11) because the value of (2 EF(S)2 was previous-
ly ® not factored out of (|V (K)?) as done in Eq.
(4) above. Using the values of U;(K) in Eq. (4) to
calculate og of Ag-Sn alloys, one finds that the
theoretical values are about 20% higher than the
experimental values of the resistivity.

(10)
(11)

16 A. RorL and E. UHL, Z. Metallk. 47, 159 [1959].

17 G. BuscH and H. J. GUNTHERODT, Phys. Kondens. Materie
6, 325 [1967].

18 J.D. G. Massg, R. L. Org, and R. HULTGREN, Trans. Met.
Soc. AIME 236, 1202 [1966].
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It must be emphasized that the agreement around
the maximum in the resistivity for Au-Sn, and in-
deed for all noble metal-Sn alloys is purely quali-
tative. The resistivity integrand in Eq. (7) for high
noble metal concentrations is dominated almost en-
tirely by the low angle behaviour of the /;;(K) (see
Fig. 5), particularly those for Au-Au and Au-Sn
for example, and accurate data in this region is ex-

L.-E. WALLIN AND S.E. GUSTAFSSON

tremely difficult to accumulate. In addition the
pseudopotential elements U;(K) for the noble metals
could be questionable because of the presence of
the d bands in these metals. With these limitations
in mind, however, any quantitative agreement ob-
tained between theoretical and experimental resisti-
vity values could be fortuitous.
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The concentration in bottom layer diffusion experiments with non-ideal initial conditions is ex-
pressed as an infinite series, the first term of which represents the ideal distribution. It is shown
that it is always possible to define the zero time in such a way that the approximation of the diffu-

sion process to an ideal one is optimized.

Introduction

It is often impossible in diffusion experiments to
arrange initial conditions that agree with the theo-
retical conditions imposed in solving the diffusion
equation. Strictly speaking, the “ideal” conditions
are not necessary, since the diffusion equation has
a solution for any known initial distribution. For
the one-dimensional case this solution is 1.

€= 21/.—1;'D¢ ' Jg(f) ‘exp[ — (z—$§)2/4 D] A&, (1)

where the concentration ¢ is expressed as a function
of the time ¢ and the position coordinate z. o(z) is
the concentration distribution at ¢ =0, and the diffu-
sion coefficent D is assumed to be constant.

The present paper is concerned with plane source
diffusion (or bottom layer diffusion) only, where
the system is confined to the region z >0, the
plane z =0 being impermeable. In this case Eq. (1)
reduces to?

c=ag(nDt) " exp{—2*/4 D1}, (2)

where a; is the amount of diffusing substance per
unit area. It is obviously impossible to attain the
initial condition strictly in this case, since ¢— o
as v— 0, t=0.

1 W.JosT, Diffusion in Solids, Liquids, Gases, Academic Press
Inc., New York 1960, Chap. II, §§ IV, V, VIIIL.

We will treat three cases:

I. A controlled addition of diffusing substance
takes place at x =0 during a finite time inter-
val of length ©.

II. The arbitrary initial distribution o(z) at a cer-
tain moment is determined empirically.

ITT. The initial distribution 0(x) cannot be deter-
mined with sufficient accuracy, but the diffu-
sion process can be observed during a certain
period of time.

I. Description with Known Rate
of Solute Addition

It is often an adequate description to assume that
an amount of the diffusing substance is added at
2 =0 during a finite time interval of length @ 2, The
solution of the diffusion equation is, for ¢>1¢,,

t
c= [m(t—1y) g(z,t—7) dr. (3)
ty—6
m(t—t,) dt¢ is the source strength during the time
interval (7,7+d7) (the term —¢, in the argument
of the function m is introduced for convenience in
what follows), and we have used the abbreviation

g(z,t) = (nDt) " -exp{ —22/4 Dt} . (4)

2 S. LjuNnGGREN and O. LamMm, Acta Chem. Scand. 11, 340
[1957].



